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This paper considers the delay difference equation
xn+1 − xn + pnxn−k = 0 n = 0 1 2    
where pn is a sequence of nonnegative real numbers and k is a positive integer.
Some new oscillation criteria for this equation are obtained. Our theorems improve
all known results in the literature.  2001 Elsevier Science
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1. INTRODUCTION
Consider the delay difference equation
xn+1 − xn + pnxn−k = 0 n = 0 1 2     (1.1)
where pn is a sequence of nonnegative real numbers and k is a positive
integer.
By a solution of (1.1) we mean a sequence xn which is deﬁned for
n ≥ −k and satisﬁes (1.1) for n ≥ 0. A solution xn of Eq. (1.1) is said to
be oscillatory if the terms xn of the solution are neither eventually positive
nor eventually negative. Otherwise, the solution is called nonoscillatory.
In recent years, the study of the oscillation of all solutions of delay dif-
ference equation (1.1) has been the subject of many investigations. See, for
example, [1–6] and the references cited therein.
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It is known (see [1, 2]) that all solutions of Eq. (1.1) oscillate if
lim sup
n→∞
k∑
i=0
pn−i > 1 (1.2)
or
lim inf
n→∞ pn >
kk
	k+ 1
k+1  (1.3)
or
µ = lim inf
n→∞
1
k
k∑
i=1
pn−i >
kk
	k+ 1
k+1  (1.4)
There is an obvious gap between the conditions (1.2) and (1.4). It is inter-
esting to establish sufﬁcient conditions for the oscillation of all solutions of
Eq. (1.1) when (1.2)–(1.4) are not satisﬁed.
In [7], Stavroulakis proved that if
lim inf
n→∞
k∑
i=1
pn−i > M > 0
and
lim sup
n→∞
pn > 1−
M2
4
 (1.5)
then all solutions of (1.1) oscillate.
In a different direction, Yu et al. [8] obtained that all solutions of Eq.
(1.1) oscillate if 0 ≤ α = lim infn→∞
∑k
i=1 pn−i ≤ kk+1/	k+ 1
k+1 and
lim sup
n→∞
k∑
i=0
pn−i > 1−
α2
4
 (1.6)
In [9], Chen and Yu improved condition (1.6) to
lim sup
n→∞
k∑
i=0
pn−i > 1−
1− α−√1− 2α− α2
2
 (1.7)
In particular, recently, Shen and Stavroulakis [5] established interest-
ing oscillation conditions for Eq. (1.1) by using some new techniques and
improving the methods previously used, which provided the impetus for the
present paper.
In this paper, some new and interesting oscillation criteria for Eq. (1.1)
are obtained. Our results concern the case when none of conditions (1.2)–
(1.7) and (3.18) in [5] are satisﬁed. The example and the application to a
class of differential equations with piecewise constant argument originated
by Cooke and Wiener [10] demonstrate the advantage of our results.
For convenience, we will assume that inequalities about values of
sequences are satisﬁed eventually for all large n.
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2. LEMMAS
We need the following lemmas.
Lemma 2.1. Assume that 0 ≤ µ ≤ kk/	k + 1
k+1 and let xn be an
eventually positive solution of (1.1). Then
lim sup
n→∞
xn
xn−k
≤ λ (2.1)
where λ = λ	µ
 is the greatest real root of the equation
λk+1 = 	λ− µ
k λ ∈ 0 1 (2.2)
Proof. Since xn is an eventually positive solution of (1.1), xn is
eventually decreasing. It follows that eventually xn/xn−k ≤ 1, which implies
that (2.1) holds for µ = 0 because λ	0
 = 1. Now we assume that 0 < µ ≤
kk/	k+ 1
k+1. Then for any ε ∈ 	0 µ
, we have for large n
1
k
k∑
i=1
pn−i > µ− ε (2.3)
From (1.1), we have
xn−i+1
xn−i
= 1− pn−i
xn−i−k
xn−i
 i = 1 2     k
By using the arithmetic–geometric mean inequality, we obtain
xn
xn−k
=
k∏
i=1
xn−i+1
xn−i
=
k∏
i=1
(
1− pn−i
xn−i−k
xn−i
)
≤
(
1− 1
k
k∑
i=1
pn−i
xn−i−k
xn−i
)k
 (2.4)
We note that
xn
xn−k
≤ 1 = λ1 (2.5)
Substituting (2.5) into (2.4) and using (2.3), we get
xn
xn−k
≤
(
1− µ− ε
λ1
)k
= λ2
Using the last inequality and repeating the above arguments, we have
xn
xn−k
≤
(
1− µ− ε
λ2
)k
= λ3
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Following this iterative procedure, by induction, we obtain
xn
xn−k
≤
(
1− µ− ε
λm
)k
= λm+1 m = 1 2     (2.6)
It is clear that 1 = λ1 > λ2 > · · · > λm > λm+1 > 0m = 1 2     There-
fore the limit limm→∞ λm = λ exists and satisﬁes λk+1 = λ − 	µ − ε
k.
Thus, lim supn→∞ xn/xn−k ≤ λ	µ ε
. It follows that (2.1) holds when taking
ε→ 0. The proof is complete.
Lemma 2.2. Assume that 0 ≤ µ ≤ kk/	k + 1
k+1 and let xn be an
eventually positive solution of (1.1). Then
lim inf
n→∞
xn
xn−1
≥ λ¯ (2.7)
where λ¯ = λ¯	µ
 is the smallest real root of the equation
λ¯	1− λ¯k
 = kµ λ¯ ∈ 0 1 (2.8)
Proof. It is clear that eventually xn/xn−1 > 0, which shows that (2.7)
holds for µ = 0 because λ¯	0
 = 0. We now consider the case when 0 < µ ≤
kk/	k+ 1
k+1. Then (2.3) holds for any ε ∈ 	0 µ
. From (1.1), we have
xn+i = xn+i+1 + pn+ixn+i−k i = 0 1 2     k− 1
Summing the above equality yields
xn = xn+k +
k−1∑
i=0
pn+ixn+i−k (2.9)
Since xn is eventually decreasing, it follows that
xn ≥ xn+k +
( k−1∑
i=0
pn+i
)
xn−1 (2.10)
Thus
xn
xn−1
≥
( k−1∑
i=0
pn+i
)(
1− xn+k
xn
)−1
 (2.11)
We note that
xn
xn−1
> 0 = λ¯1
and so
xn
xn−k
= xn
xn−1
· xn−1
xn−2
· · · xn−k+1
xn−k
> λ¯k1 
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From (2.11) and the above inequality, we get
xn
xn−1
>
k	µ− ε

1− λ¯k1
= λ¯2
Repeating the above arguments, by induction, we obtain
xn
xn−1
>
k	µ− ε

1− λ¯km
= λ¯m+1 m = 1 2     (2.12)
It is clear that 0 = λ¯1 < λ¯2 < · · · < λ¯m < λ¯m+1 < 1m = 1 2    . There-
fore the limit limm→∞ λ¯m = λ¯ exists and satisﬁes λ¯	1 − λ¯k
 = k	µ − ε
.
Thus, lim infn→∞ xn/xn−1 ≥ λ¯	µ ε
. It follows that (2.7) holds when tak-
ing ε→ 0. The proof is complete.
From Lemma 2.2, we have the following corollary.
Corollary 2.1. Assume that 0 ≤ µ ≤ kk/	k+ 1
k+1 and let xn be an
eventually positive solution of (1.1). Then
lim inf
n→∞
xn
xn−k
≥ λ˜
where λ˜ = λ˜	µ
 is the smallest real root of the equation
λ˜	1− λ˜
k = 	kµ
k λ˜ ∈ 0 1
3. RESULTS AND PROOFS
Theorem 3.1. Assume that 0 ≤ µ ≤ kk/	k+ 1
k+1. Then all solutions of
Eq. (1.1) oscillate if
lim sup
n→∞
pn > 	1− λ¯
λ (3.1)
where λ and λ¯ are deﬁned as in Lemma 2.1 and Lemma 2.2, respectively.
Proof. Suppose Eq. (1.1) has an eventually positive solution xn. Then,
from (1.1),
pn =
xn
xn−k
− xn+1
xx−k
=
(
1− xn+1
xn
)
xn
xn−k

Taking the limit superior as n→∞, by Lemmas 2.1 and 2.2, we have
lim sup
n→∞
pn ≤
(
1− lim inf
n→∞
xn+1
xn
)
lim sup
n→∞
xn
xn−k
≤ 	1− λ¯
λ
which is a contradiction. The proof is complete.
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When k = 1, it is not difﬁcult to see that
λ = 1+
√
1− 4µ
2
 λ¯ = 1−
√
1− 4µ
2

Thus we have the following corollary.
Corollary 3.1 [5]. Assume that 0 ≤ µ ≤ 1/4 and that
lim sup
n→∞
pn >
(
1+√1− 4µ
2
)2
 (3.2)
Then all solutions of the equation
xn+1 − xn + pnxn−1 = 0 (3.3)
oscillate.
It is easy to see that when µ = 1/4, condition (3.2) reduces to
lim sup
n→∞
pn >
1
4

which cannot be improved (see [1]).
Theorem 3.2. Assume that 0 ≤ µ ≤ kk/	k+ 1
k+1. Then all solutions of
Eq. (1.1) oscillate if
lim sup
n→∞
k∑
i=1
pn−i > λ	1− lnλ
 − λ˜ (3.4)
where λ and λ˜ are deﬁned as in Lemma 2.1 and Corollary 2.1, respectively.
Proof. Suppose Eq. (1.1) has an eventually positive solution xn. If
µ = 0, since λ	0
 = 1 and λ˜	0
 = 0, (3.4) leads to (1.2). Therefore, all
solutions of Eq. (1.1) oscillate. We now assume that 0 < µ ≤ kk/	k+ 1
k+1.
Then λ > 0 and λ˜ > 0. For any ε ∈ 	0 λ˜
 ∩ 	0 1− λ
, by Lemma 2.1 and
Corollary 2.1 we have for large n
λ˜− ε < xn
xn−k
< λ+ ε < 1 (3.5)
Thus there exists an integer l with 1 ≤ l ≤ k such that
xn−l+1
xn−k
< λ+ ε xn−l
xn−k
≥ λ+ ε
Let ξ ∈ 0 1
 such that
xn−l + ξ	xn−l+1 − xn−l

xn−k
= λ+ ε (3.6)
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It is easy to see that for t ∈ 0 1
− xn−i+1 − xn−i
xn−i + t	xn−i+1 − xn−i

= pn−ixn−i−k
xn−i + t	xn−i+1 − xn−i

≥ pn−i
xn−i−k
xn−i
 i = l     k
Integrating the above inequality over [0,1], we get
ln
xn−i
xn−i+1
≥ pn−i
1
λ+ ε i = l + 1     k (3.7)
For i = l, again integrating the inequality over [0, ξ] yields
ln
xn−l
xn−l + ξ	xn−l+1 − xn−l

≥ ξpn−l
1
λ+ ε (3.8)
Summing (3.7) from i = l + 1 to i = k then adding (3.8), we obtain
ln
xn−k
xn−l + ξ	xn−l+1 − xn−l

≥ 1
λ+ ε
( k∑
i=l+1
pn−i + ξpn−l
)

In view of (3.6), we have
k∑
i=l+1
pn−i + ξpn−l ≤ −	λ+ ε
 ln	λ+ ε
 (3.9)
On the other hand
xn−l + ξ	xn−l+1 − xn−l
 − xn = −
l∑
i=1
	xn−i+1 − xn−i
 + ξ	xn−l+1 − xn−l

=
l−1∑
i=1
pn−ixn−i−k + 	1− ξ
pn−lxn−l−k
≥
( l−1∑
i=1
pn−i + 	1− ξ
pn−l
)
xn−k
It follows that
xn−l + ξ	xn−l+1 − xn−l

xn−k
− xn
xn−k
≥
l∑
i=1
pn−i − ξpn−l (3.10)
Using (3.5) and (3.6), we get
λ+ ε− 	λ˜− ε
 ≥
l∑
i=1
pn−i − ξpn−l (3.11)
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Adding (3.9) and (3.11) leads to
k∑
i=1
pn−i ≤ 	λ+ ε
1− ln	λ+ ε
 − 	λ˜− ε

Taking the limit superior as n → ∞ then letting ε → 0, we get a contra-
diction. The proof is complete.
The following theorem could be proved in a similar way to that of The-
orem 3.2; thus the proof is omitted.
Theorem 3.3. Assume that 0 ≤ µ ≤ kk/	k+ 1
k+1. Then all solutions of
Eq. (1.1) oscillate if
lim sup
n→∞
k∑
i=0
pn−i > λ	1− lnλ
 − λ¯k+1
where λ and λ¯ are deﬁned as in Lemma 2.1 and Lemma 2.2, respectively.
Example. Consider the equation
xn+1 − xn + pnxn−2 = 0 (3.12)
where
p2m =
22
33
 p2m+1 =
22
33
+ 2
5
sin2
mπ
2
 m = 0 1    
It is not difﬁcult to see that
lim inf
n→∞ pn =
22
33
 µ = lim inf
n→∞
1
2
2∑
i=1
pn−i =
22
33

lim sup
n→∞
pn =
22
33
+ 2
5
 lim sup
n→∞
2∑
i=0
pn−i =
22
33
+ 2
5

Thus none of the conditions (1.2)–(1.7) and (3.18) in [5] is satisﬁed. How-
ever, since
λ = λ
(
22
33
)
≈ 0444461 λ¯ = λ¯
(
22
33
)
= 1
3
 λ˜ = λ˜
(
22
33
)
≈ 0111111
It is easy to see that
lim sup
n→∞
pn =
22
33
+ 2
5
> 02963 ≈ 	1− λ¯
λ
and
lim sup
n→∞
2∑
i=1
pn−i =
22
33
+ 2
5
> 069376 ≈ λ	1− lnλ
 − λ˜
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and
lim sup
n→∞
2∑
i=0
pn−i =
22
32
+ 2
5
> 0767834 ≈ λ	1− lnλ
 − λ¯3
By Theorem 3.1 or Theorem 3.2 or Theorem 3.3, all solutions of (3.12)
oscillate.
The above example illustrates that our Theorems 3.1–3.3 essentially
improve the conditions (1.2)–(1.7) and (3.18) in [5].
In the following we apply our results to the differential equations with
piecewise constant arguments of the form
y ′	t
 + a	t
 y	t
 + b	t
 y	t − 1
 = 0 t ≥ 0 (3.13)
where a	t
 and b	t
 are continuous functions on [−1∞
 b	t
 ≥ 0 for
t ≥ 0, and [·] denotes the greatest integer function.
As is customary, a nontrivial solution of Eq. (3.13) is said to be oscillatory
if it has arbitrarily large zeros; otherwise it is said to be nonoscillatory.
In [11], Aftabizadeh et al. studied the oscillation of Eq. (3.13) and proved
that all solutions oscillate if
lim sup
n→∞
∫ n
n−1
b	t
 exp
(∫ t
n−2
a	s
ds
)
dt > 1 (3.14)
or
lim inf
n→∞
(
exp
(∫ n−1
n−2
a	s
ds
))
· lim inf
n→∞
∫ n
n−1
b	t

× exp
(∫ t
n−1
a	s
ds
)
dt >
1
4
(3.15)
and
lim sup
n→∞
∫ n
n−1
a	s
ds > −∞ (3.16)
By applying Theorem 3.1 to Eq. (3.13), we can establish the following
result which improves condition (3.15) because lim inf	AB
 ≥ lim infA ·
lim inf B A B > 0 and removes the condition (3.16).
Corollary 3.2 (see [12]). All solutions of Eq. (3.13) oscillate if one of
the following conditions holds:
µ = lim inf
n→∞
∫ n+1
n
b	t
 exp
(∫ t
n−1
a	s
ds
)
dt >
1
4
(3.17)
0 ≤ µ ≤ 1
4
and
lim sup
n→∞
∫ n+1
n
b	t
 exp
(∫ t
n−1
a	s
ds
)
dt >
(
1+√1− 4µ
2
)2
 (3.18)
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Proof. Assume that Eq. (3.13) has an eventually positive solution y	t
.
Then, as in [11], for n = 0 1 2     in the interval n ≤ t < n + 1 y	t

satisﬁes
y ′	t
 + a	t
 y	t
 + b	t
An−1 = 0 n ≤ t < n+ 1 (3.19)
where we use the notation An = y	n
 for n = −1 0 1     Equation (3.19)
can be rewritten as(
y	t
 exp
(∫ t
n
a	s
ds
))′
+ b	t
 exp
(∫ t
n
a	s
ds
)
An−1 = 0 n ≤ t < n+ 1
Taking the integral from n to t n ≤ t < n+ 1, we have
y	t
 exp
(∫ t
n
a	u
du
)
−An +
( ∫ t
n
b	s
 exp
(∫ s
n
a	u
du
)
ds
)
An−1 = 0
(3.20)
Set for n = 0 1   
Pn = exp
(∫ n+1
n
a	t
dt
)
 Qn =
∫ n+1
n
b	t
 exp
(∫ t
n
a	s
ds
)
dt (3.21)
In (3.20), letting t → n+ 1 and by continuity (cf. [11]), we have
PnAn+1 −An +QnAn−1 = 0 n = 0 1 2     (3.22)
Set Bn = An
∏n−1
j=0 Pj for n ≥ 1. Then, Bn is eventually positive and satis-
ﬁes
Bn+1 − Bn +QnPn−1Bn−1 = 0 (3.23)
On the other hand, by condition (1.3) and Corollary 3.1, we see that con-
ditions (3.17) and (3.18) imply that all solutions of the difference equation
xn+1 − xn +QnPn−1xn−1 = 0 (3.24)
oscillate. This contradiction completes the proof.
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